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Noncommutative geometry based on e-derivations C ion factor and

Commutation factor

> Let K a field and " an abelian group.

Definition 1 (Commutation factor)
A commutation factor on I over K is a map € : [ x [ — K* satisfying, Vi,j,k € [
e(i, e, i) = 1k, e(ij + k) = (i, j)e(i, k), e(i +Jj, k) = e(i, k)e(j, k)
> This definition implies that £(i,0) = (0, /) = 1k, (i, i) € {1k, —1k} and
6(.j7 ’) - 6(i7 _J) = 6(i7j)_1
> Example : T =7Z, ¢(p,q) = 1, &(p, q) = (1)
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Commutation factor

> Let K a field and " an abelian group.

Definition 1 (Commutation factor)

A commutation factor on I' over K is a map € : [ x [ — K* satisfying, Vi, j,k €
e(i,)ei, i) = 1k, e(i,j + k) = e(i, j)e(i, k), e(i +.j, k) = e(i, k)e(j, k)

> This definition implies that £(i,0) = (0, /) = 1k, (i, i) € {1k, —1k} and
6(.ja I) - 6(ia _J) = 6(iaj)_1
> Example : T =7Z, ¢(p,q) = 1, &(p, q) = (1)

Proposition 2

Let e1 and g5 be two commutation factors respectively on the abelian groups 'y
and >, over the same field K. Then the relation

e((i1, 2), (j1,42)) = e1(i, j1)e2(i2; j2)
Vi, 1 € T1 and Vi, jo € 5, defines a commutation factor on the abelian group
Fl X F2
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e-algebras

» Recall (Scheunert 1979, ...) : An e-Lie algebra is defined as a couple
(g°, [, —]c) where g* is a I-graded vector space, € a commutation factor on
I and [—, —]. : g* X g* — g°* a bilinear product satisfying
[a’ b]E = _E(|a|7 |b|)[b7 a]E ' [av [b’ C]E]E = [[a’ b]67 C]E + E(|a|7 |b|)[b’ [a’ C]E]E

> If [a,b]. =0, Va, b € g°, g° is called an abelian e-Lie algebra.
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e-algebras

» Recall (Scheunert 1979, ...) : An e-Lie algebra is defined as a couple
(g°, [, —]c) where g* is a I-graded vector space, € a commutation factor on
I and [—, —]. : g* X g* — g°* a bilinear product satisfying
[a, b]E = _E(|a|7 |b|)[b7 a]E ' [av [b, C]E]E = [[a, b]€7 C]E + E':(|‘3|7 |b|)[b7 [a, C]E]E

> If [a,b]. =0, Va, b € g°, g° is called an abelian e-Lie algebra.

Definition 3 (e-graded algebra)

Let A® be an associative unital -graded K-algebra and a commutation factor € on
I, then (A®,e) will be called an e-graded (associative) algebra.
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e-algebras

» Recall (Scheunert 1979, ...) : An e-Lie algebra is defined as a couple
(g°, [, —]c) where g* is a I-graded vector space, € a commutation factor on
I and [—, —]. : g* X g* — g°* a bilinear product satisfying
[a, b]E = _E(|a|7 |b|)[b7 a]E ' [av [b, C]E]E = [[a, b]€7 C]E + E':(|‘3|7 |b|)[b7 [a, C]E]E

> If [a,b]. =0, Va, b € g°, g° is called an abelian e-Lie algebra.

Definition 3 (e-graded algebra)

Let A® be an associative unital -graded K-algebra and a commutation factor € on
I, then (A®,e) will be called an e-graded (associative) algebra.

» (A*,[—,—]c) is an e-Lie algebra denoted by A}, _
where [a, b]. = a-b — £(]al, |b|) b-a



Noncommutative differential geometry based on e-derivations, ISQS 2009, Prague, 18 - 20 June 2009 Eric Cagnache, LPT-Orsay
Noncommutative geometry based on e-derivations C ion factor and e-algebi

e-algebras

» Recall (Scheunert 1979, ...) : An e-Lie algebra is defined as a couple
(g°, [, —]c) where g* is a I-graded vector space, € a commutation factor on
I and [—, —]. : g* X g* — g°* a bilinear product satisfying
[a, b]E = _E(|a|7 |b|)[b7 a]E ' [av [b, C]E]E = [[a, b]€7 C]E + E':(|‘3|7 |b|)[b7 [a, C]E]E

> If [a,b]. =0, Va, b € g°, g° is called an abelian e-Lie algebra.

Definition 3 (e-graded algebra)

Let A® be an associative unital -graded K-algebra and a commutation factor € on
I, then (A®,e) will be called an e-graded (associative) algebra.

» (A*,[—,—]c) is an e-Lie algebra denoted by A}, _
where [a, b]. = a-b — £(]al, |b|) b-a

> The e-center of A? is the e-graded commutative algebra
Z2(A)={ac A*, Ybe A°® [a, b]. =0}
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e-algebras

» Recall (Scheunert 1979, ...) : An e-Lie algebra is defined as a couple
(g°, [, —]c) where g* is a I-graded vector space, € a commutation factor on
I and [—, —]. : g* X g* — g°* a bilinear product satisfying
[a, b]E = _E(|a|7 |b|)[b7 a]E ' [av [b, C]E]E = [[a, b]€7 C]E + E':(|‘3|7 |b|)[b7 [a, C]E]E
> If [a,b]. =0, Va, b € g°, g° is called an abelian e-Lie algebra.

Definition 3 (e-graded algebra)

Let A® be an associative unital -graded K-algebra and a commutation factor € on
I, then (A®,e) will be called an e-graded (associative) algebra.

» (A*,[—,—]c) is an e-Lie algebra denoted by A}, _
where [a, b]. = a-b — £(]al, |b|) b-a

> The e-center of A? is the e-graded commutative algebra
Z2(A)={ac A*, Ybe A°® [a, b]. =0}

» A l-graded module M® on A® is a [-graded vector space and a module on A®
such that M'A/ ¢ M'*™/ (for right modules) Vi, j € T
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e-derivations

Definition 4 (e-derivation)

A linear map X : A®* — A® is an homogeneous e-derivation if, Va, b € A®,
X(a:b) = X(a)-b + e(|%], |a]) a-X(b) where a are homogeneous.

We note Der?(A) the I-graded space of e-derivation
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e-derivations

Definition 4 (e-derivation)

A linear map X : A®* — A® is an homogeneous e-derivation if, Va, b € A®,
X(a:b) = X(a)-b + e(|%], |a]) a-X(b) where a are homogeneous.

We note Der?(A) the I-graded space of e-derivation

> The space Der?(A) is an e-Lie algebra and a Z2(A)-module
> An inner e-derivation on A® is an e-derivation X :
Ja € A®, X(b) = ad,(b) = [a, b].
We note Int2(A) = {ad,, a € A®} the space of inner e-derivations on A®
It is an e-Lie ideal and a Z2(A)-module.
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e-derivations

Definition 4 (e-derivation)

A linear map X : A®* — A® is an homogeneous e-derivation if, Va, b € A®,
X(a:b) = X(a)-b + e(|%], |a]) a-X(b) where a are homogeneous.

We note Der?(A) the I-graded space of e-derivation

> The space Der?(A) is an e-Lie algebra and a Z2(A)-module

> An inner e-derivation on A® is an e-derivation X :
Ja € A®, X(b) = ad,(b) = [a, b].
We note Int2(A) = {ad,, a € A®} the space of inner e-derivations on A®
It is an e-Lie ideal and a Z2(A)-module.

> Two short exact sequences of e-Lie algebras and Z2(A)-modules :

0 Z*(A) A*— - |nt*(A)—=0

0——Int?(A)——Der:(A)——Out(A)——0
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Differential calculus based on e-derivations
> QTK(A, M) is the space of n-linear maps w from (Der®(A))" to M®, such
that, VX1,...,%, € Der2(A) homogeneous,
Definition 5 (2"%(A, M))

w(Xy,. .., %,) € MKHEZFHZ ]
w(Xy, ..., Xnz) = w(Xy,...,Xp)z, Vz € Z2(A)
w(Xy, ..., X, Xitr, .., Xn) = —e(|Xi], | X )w(ZEr, - Xig, Xy .., Xn)

We note Q%%(A, M) = M* and Q>*(A) = Q°°*(A, A) if M®* = A®
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Differential calculus based on e-derivations

> QTK(A, M) is the space of n-linear maps w from (Der®(A))" to M®, such
that, VX1,...,%, € Der2(A) homogeneous,

Definition 5 (2"%(A, M))

w(Xy,. .., %,) € MKHEZFHZ ]
w(Xy, ..., Xnz) = w(Xy,...,Xp)z, Vz € Z2(A)
w(Xy, ..., X, Xitr, .., Xn) = —e(|Xi], | X )w(ZEr, - Xig, Xy .., Xn)

We note Q%%(A, M) = M* and Q>*(A) = Q°°*(A, A) if M®* = A®
> Q%°(A) is a differential algebra for the product and the differential defined in
the following slide
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Differential calculus based on e-derivations

> QTK(A, M) is the space of n-linear maps w from (Der®(A))" to M®, such
that, VX1,...,%, € Der2(A) homogeneous,

Definition 5 (2"%(A, M))

w(Xy,. .., %,) € MKHEZFHZ ]
w(Xy, ..., Xnz) = w(Xy,...,Xp)z, Vz € Z2(A)
w(Xy, ..., X, Xitr, .., Xn) = —e(|Xi], | X )w(ZEr, - Xig, Xy .., Xn)

We note Q%%(A, M) = M* and Q>*(A) = Q°°*(A, A) if M®* = A®

> Q%°(A) is a differential algebra for the product and the differential defined in
the following slide

> Q%°(A) is an &-graded algebra for the abelian group [ =Z x T with
e((p, ), (g,4)) = (=1)P%(i, )
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Differential calculus based on e-derivations

> QTK(A, M) is the space of n-linear maps w from (Der®(A))" to M®, such
that, VX1,...,%, € Der2(A) homogeneous,

Definition 5 (2"%(A, M))

w(Xy,. .., %,) € MKHEZFHZ ]
w(Xy, ..., Xnz) = w(Xy,...,Xp)z, Vz € Z2(A)
w(Xy, ..., X, Xitr, .., Xn) = —e(|Xi], | X )w(ZEr, - Xig, Xy .., Xn)

We note Q%%(A, M) = M* and Q>*(A) = Q°°*(A, A) if M®* = A®
> Q%°(A) is a differential algebra for the product and the differential defined in
the following slide

> Q%°(A) is an &-graded algebra for the abelian group [ =Z x T with
((p, 1), (9,4)) = (=1)P%(i,J)
» d is an &-derivation of Q°**(A) of degree (1,0) satisfying d* = 0
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Differential calculus based on e-derivations

> The product is : (w-n)(%X1,...,Xp+q)
1 (e
- W Z (_]-)| |f]. w(xo'(l)a s 7xU(P))'T](xO'(p+1)7 s 7%0'(P+Cl))a

" 0€6,iq
» The differential is

p+1
dw (X1, Xpr1) = > _(-1)™6 Xpw (X, ... V... Xpra)
m=1
+ > (D™ w((Em ey VY X )
1<m<n<p+1

» The factors f; are given by
h = Hm<n ,o(m)>o( n) (|x n)| |x |)Hm§p 6(|T]|a |xo(m)|)
fo = e(|wl, |Xm|) [125 E(Ix REZH)
fy = (||, |2 ) TTy e(1%al, 1%m)) TToos €(1%a, 1%4])
w e QPI(A), n e QFI"(A), and X1,..., %, € Der®(A) homogeneous
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Cartan operation

> An e-Lie subalgebra g® of Der?(A) defines canonically a Cartan operation on
(£22°(A),d) by :
The inner product with X € Der2(A) is the map
ix + QUH(A) — Q7 HRIE(a)
ixw(Xe, ..., Xno1) = e(|&], |w])w(X, X1, ..., Xn1)
and ixQ%*(A) = 0. ix is an &-derivation of Q2**(A) of degree (—1,|%]).
The associated Lie derivative
Lx = [ix,d] = ixd + dix : QP5(A) — QUFHZI(A), is an &derivation of
Q2°(A) of degree (0, |X])

Proposition 6
iz, ip] = izip + (X[, |D])ipiz =0
[Lx,ip] = Lxiy — e(IX], |D])ip Lx = iz ).
[Lx,d] = Lyd —dLzx =0
[Lx, Ly] = LxLy — e(IX], D)Ly Lx = Lix,).
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e-connection and curvature

Definition 7 (e-connection)

An homogeneous linear map of degree 0, V : M® — Q1*(A, M) is called an
e-connection if Va € A®, Vm € M®,
V(ma) = V(m)a + mda (1)

> We can extend V as a linear map V : Q7°(A, M) — Q7T1*(A M)

10
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e-connection and curvature

Definition 7 (e-connection)

An homogeneous linear map of degree 0, V : M® — Q1*(A, M) is called an
e-connection if Va € A®, Vm € M®,
V(ma) = V(m)a + mda (1)

> We can extend V as a linear map V : Q7°(A, M) — Q7T1*(A M)

Definition 8 (curvature)

We define the curvature R = V2, homogeneous linear map of degree 0, Ym € M®,
VX,9) € Der:(A) homogeneous,

R(m)(X,9) = (|X], D) V(V(m)(D))(X) — V(V(m)(X))(D) — V(m)([X,D])

10
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e-connection and curvature

Definition 7 (e-connection)

An homogeneous linear map of degree 0, V : M® — Q1*(A, M) is called an
e-connection if Va € A®, Vm € M®,
V(ma) = V(m)a + mda (1)

> We can extend V as a linear map V : Q7°(A, M) — Q7T1*(A M)

Definition 8 (curvature)

We define the curvature R = V2, homogeneous linear map of degree 0, Ym € M®,
VX,9) € Der:(A) homogeneous,

R(m)(X,9) = (|X], D) V(V(m)(D))(X) — V(V(m)(X))(D) — V(m)([X,D])

Definition 9 (gauge transformations)
The gauge transformations of M*® are the automorphisms of degree 0 of M*®.
They form the gauge group Aut (M, M) and act on the space of its

e-connections : V& € Auty (M, M), V® = d oV o ®~ ! is an e-connections
10
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e Examples

11
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Examples

e-graded matrix algebras (see in 0811.3567 [math-ph])
Freely finitely generated abelian groups

Quillen connection

Clifford algebra

Extension to Hom algebras (0811.0400 [math.RA])

vV VvV VvV VY

12
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A simple application

9 A simple application
9@ A Zy-graded algebra constructed from Moyal space
@ Connection and curvature
9@ Gauge action

13
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The Moyal algebra

» Deformed Moyal product defined on the space of Schwartz functions S :

(70 )() = =gz [ vz Flx+ Vgl + 2)e 20
0 -6
o_ 0 o Y
N 0 -6
6 0

» The Moyal algebra is defined by My = L "R where
L={TeS/fxTeSVfeS}
R={T €8 /TxfeSVfeS}
see e.g. Algebras of distributions suitable for phase-space quantum mechanics
Gracia-Bondia, Varilly and ref therein

14
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The Moyal algebra

» Deformed Moyal product defined on the space of Schwartz functions S :

(70 )() = =gz [ vz Flx+ Vgl + 2)e 20
0 -6
o_ 0 o Y
N 0 -6
6 0

» The Moyal algebra is defined by My = L "R where
L={TeS/fxTeSVfeS}
R={T €8 /TxfeSVfeS}
see e.g. Algebras of distributions suitable for phase-space quantum mechanics
Gracia-Bondia, Varilly and ref therein

» We define
y=1 §p=—73X Nuv = E)N%Z/ = 2,8,

% — 2091
where X, = 20, x,

14
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A 7Zj-graded algebra constructed from Moyal space

Definition 10

Let A® = My & My be the Z,-graded complex vector space defined by the
following product (whith « € R) : V¢, € A®,

dp = (do, 1) (Yo, 1) = (o * o + a P1 * Y1, o * Y1 + 1 * 1) (2)
The commutation factor is defined by (i, j) = (—1)¥ for i,j € Z»

15
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A 7Zj-graded algebra constructed from Moyal space

Definition 10

Let A® = My & My be the Z,-graded complex vector space defined by the
following product (whith « € R) : V¢, € A®,

dp = (do, 1) (Yo, 1) = (o * o + a P1 * Y1, o * Y1 + 1 * 1) (2)
The commutation factor is defined by (i, ) = (=1)¥ for i, j € Z,

The bracket [6, ], = ({60, Yola+a {01, U1} [do, vl + [1, Yol.)
The e-center of A® is Z2(A)=C1=C&0 where the unit 1 is (1,0)
Trace on A® : Tr(¢) = Tr(¢o, 1) = [ d*x do(x
e-Lie subalgebra g® of Der:(A) :

g* = ([(0,7), ], [(i€, 0), ], [(0, 7€), 1s [(imyurr, 0), 1)

Natural generalisation of the extended algebra of derivation of Moyal
(0804.3061 [hep-th])

» [-graded module M®* = A®

vV vV VvV Y

15
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Connection

Proposition 11

An a e-connection V on A® and a e-derivation was associated to a gauge potential
Azx defined by —iAx = V(1)(X).

The e-connection V becomes : Ya € A®, Vxya = X(a) — iAx-a where

Vxa = e(|X],[a])V(a)(X).

Defining Fx g-a = ie(|X| + ||, |a|)R(a)(X,2), we obtain the curvature :

Fxp = X(Ay) — (1X], 1 D)D(Ax) — i[Az, Aple — Az .- (3)

~

» We note the gauge potentials :
V(1)(ad(o,iv)) = (0, —i), V(1)(ad(ig, 0)) = (— ’A?,,O),

v(:Il)(ad(o,i@)) = (07 _iA;lz)’ v(:ﬂ)(ad(inW,O)) = (—I'G;“,, 0)
» The covariant coordinates are :

1.
d=p—1, AZ:Ag—i—EXu, Al = AL+
» AL =40

1. 1_
EXpn guu = Gp,l/ - EXMXV

16
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A simple application Connection and curvature
F(O i7),(0,i7) (2’0“10 2la(p * P, O)
Flig..0).0.i) = (0, Ousp = i[Au, #ls)
F(O i€4),(0,iv) — (=i (XMY + {Au, 0}« ),0)
1
F(mu,,, (0,iy) = (07 X,u VQO 4Xl/ ;L‘P ’[G,uua (P] )
F( guv gl-/)o) (() dl/A/l I’[A/u AI/]*) 0)
F(:gu (0,i€,) = ( ()“Al, - ()I’AM - "[Aus Av]* - em}»«)
Fo.ie,)0.i¢.,) = (miox, Ay — ioX, Ay — iof{ Ay, Ay by — iaGpy, 0)
F(iguv )>(iMvp,0) = (a GVP + Xl’a Al‘ + Xpa A i[A,u? GVP]*

+20, A, +20,A,,0)
F(Oﬁiﬁu)ﬁ(inup,o) = (0,04 Gup + X 0pAu + X0 Ay — i[Ay, Gupl
+20,,A,+20,1A,)
Flin, 0),(inpe,0) = (=Xu00 Gpo — %0, Gpo + X005 Guv + X505 Gy — i[Gpv, Gpolx
—20,7Gyo — 20,7 Gy — 20,,1G,p — 20,7 Gy, 0)

17
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Gauge action

» The action S = Tr (|Fada,adb|2) involves
> G =0,d=0
D 2 > 8 2
d x((1+2a)FW*FW+o< {Au A Y2+ 52D+ 1)(1+a)+a )AH*A#)

Gauge theory model of de Goursac, Wallet, Wulkenhaar (0703.075 [hep-th])
and Grosse, Wohlgenannt (0703.169 [hep-th])

> [A,, Al = { AL, A}« natural interpretation stemming from Z»-grading
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Gauge action

» G, =0¢#0

S(e) = [ d®x (20100 = Aus o2 + 202+ (A i)

_ 20(D + 2c 8a?
= 4(1'\/5,9@;11,15“, + %@2 = %(p *Qx @+ 4P % pxpx <p)
Grosse Wulkenhaar scalar model coupled to A, (0401.128 [hep-th])
Harmonic term : natural interpretation stemming from F?
X, 1 canonical gauge invariant connection

@ : composante of a gauge potential
> Slavnov term —405\/5@@;35“, (0304.141 [hep-th])

19



