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Noncommutative geometry based on ε-derivations Commutation factor and ε-algebras

Commutation factor

! Let K a field and Γ an abelian group.

Definition 1 (Commutation factor)

A commutation factor on Γ over K is a map ε : Γ× Γ→ K∗ satisfying, ∀i , j , k ∈ Γ
ε(i , j)ε(j , i) = 1K, ε(i , j + k) = ε(i , j)ε(i , k), ε(i + j , k) = ε(i , k)ε(j , k)

! This definition implies that ε(i , 0) = ε(0, i) = 1K, ε(i , i) ∈ {1K,−1K} and
ε(j , i) = ε(i ,−j) = ε(i , j)−1

! Example : Γ = Z, ε(p, q) = 1, ε(p, q) = (−1)pq
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Commutation factor

! Let K a field and Γ an abelian group.

Definition 1 (Commutation factor)

A commutation factor on Γ over K is a map ε : Γ× Γ→ K∗ satisfying, ∀i , j , k ∈ Γ
ε(i , j)ε(j , i) = 1K, ε(i , j + k) = ε(i , j)ε(i , k), ε(i + j , k) = ε(i , k)ε(j , k)

! This definition implies that ε(i , 0) = ε(0, i) = 1K, ε(i , i) ∈ {1K,−1K} and
ε(j , i) = ε(i ,−j) = ε(i , j)−1

! Example : Γ = Z, ε(p, q) = 1, ε(p, q) = (−1)pq

Proposition 2

Let ε1 and ε2 be two commutation factors respectively on the abelian groups Γ1

and Γ2, over the same field K. Then the relation
ε((i1, i2), (j1, j2)) = ε1(i1, j1)ε2(i2, j2)

∀i1, j1 ∈ Γ1 and ∀i2, j2 ∈ Γ2, defines a commutation factor on the abelian group
Γ1 × Γ2
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ε-algebras

! Recall (Scheunert 1979, ...) : An ε-Lie algebra is defined as a couple
(g•, [−,−]ε) where g• is a Γ-graded vector space, ε a commutation factor on
Γ and [−,−]ε : g• × g• → g• a bilinear product satisfying
[a, b]ε = −ε(|a|, |b|)[b, a]ε , [a, [b, c]ε]ε = [[a, b]ε, c]ε + ε(|a|, |b|)[b, [a, c]ε]ε

! If [a, b]ε = 0, ∀a, b ∈ g•, g• is called an abelian ε-Lie algebra.
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ε-algebras

! Recall (Scheunert 1979, ...) : An ε-Lie algebra is defined as a couple
(g•, [−,−]ε) where g• is a Γ-graded vector space, ε a commutation factor on
Γ and [−,−]ε : g• × g• → g• a bilinear product satisfying
[a, b]ε = −ε(|a|, |b|)[b, a]ε , [a, [b, c]ε]ε = [[a, b]ε, c]ε + ε(|a|, |b|)[b, [a, c]ε]ε

! If [a, b]ε = 0, ∀a, b ∈ g•, g• is called an abelian ε-Lie algebra.

Definition 3 (ε-graded algebra)

Let A• be an associative unital Γ-graded K-algebra and a commutation factor ε on
Γ, then (A•, ε) will be called an ε-graded (associative) algebra.
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! Recall (Scheunert 1979, ...) : An ε-Lie algebra is defined as a couple
(g•, [−,−]ε) where g• is a Γ-graded vector space, ε a commutation factor on
Γ and [−,−]ε : g• × g• → g• a bilinear product satisfying
[a, b]ε = −ε(|a|, |b|)[b, a]ε , [a, [b, c]ε]ε = [[a, b]ε, c]ε + ε(|a|, |b|)[b, [a, c]ε]ε

! If [a, b]ε = 0, ∀a, b ∈ g•, g• is called an abelian ε-Lie algebra.

Definition 3 (ε-graded algebra)

Let A• be an associative unital Γ-graded K-algebra and a commutation factor ε on
Γ, then (A•, ε) will be called an ε-graded (associative) algebra.

! (A•, [−,−]ε) is an ε-Lie algebra denoted by A•
Lie,ε

where [a, b]ε = a·b − ε(|a|, |b|) b·a
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Definition 3 (ε-graded algebra)

Let A• be an associative unital Γ-graded K-algebra and a commutation factor ε on
Γ, then (A•, ε) will be called an ε-graded (associative) algebra.

! (A•, [−,−]ε) is an ε-Lie algebra denoted by A•
Lie,ε

where [a, b]ε = a·b − ε(|a|, |b|) b·a
! The ε-center of A•

ε is the ε-graded commutative algebra
Z•

ε (A) = {a ∈ A•, ∀b ∈ A• [a, b]ε = 0}
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! Recall (Scheunert 1979, ...) : An ε-Lie algebra is defined as a couple
(g•, [−,−]ε) where g• is a Γ-graded vector space, ε a commutation factor on
Γ and [−,−]ε : g• × g• → g• a bilinear product satisfying
[a, b]ε = −ε(|a|, |b|)[b, a]ε , [a, [b, c]ε]ε = [[a, b]ε, c]ε + ε(|a|, |b|)[b, [a, c]ε]ε

! If [a, b]ε = 0, ∀a, b ∈ g•, g• is called an abelian ε-Lie algebra.

Definition 3 (ε-graded algebra)

Let A• be an associative unital Γ-graded K-algebra and a commutation factor ε on
Γ, then (A•, ε) will be called an ε-graded (associative) algebra.

! (A•, [−,−]ε) is an ε-Lie algebra denoted by A•
Lie,ε

where [a, b]ε = a·b − ε(|a|, |b|) b·a
! The ε-center of A•

ε is the ε-graded commutative algebra
Z•

ε (A) = {a ∈ A•, ∀b ∈ A• [a, b]ε = 0}
! A Γ-graded module M• on A• is a Γ-graded vector space and a module on A•

such that MiAj ⊂ Mi+j (for right modules) ∀i , j ∈ Γ
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ε-derivations

Definition 4 (ε-derivation)

A linear map X : A• → A• is an homogeneous ε-derivation if, ∀a, b ∈ A•,
X(a·b) = X(a)·b + ε(|X|, |a|) a·X(b) where a are homogeneous.
We note Der•ε(A) the Γ-graded space of ε-derivation
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ε-derivations

Definition 4 (ε-derivation)

A linear map X : A• → A• is an homogeneous ε-derivation if, ∀a, b ∈ A•,
X(a·b) = X(a)·b + ε(|X|, |a|) a·X(b) where a are homogeneous.
We note Der•ε(A) the Γ-graded space of ε-derivation

! The space Der•ε(A) is an ε-Lie algebra and a Z•
ε (A)-module

! An inner ε-derivation on A• is an ε-derivation X :
∃a ∈ A•, X(b) = ada(b) = [a, b]ε

We note Int•ε(A) = {ada, a ∈ A•} the space of inner ε-derivations on A•

It is an ε-Lie ideal and a Z•
ε (A)-module.
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ε-derivations

Definition 4 (ε-derivation)

A linear map X : A• → A• is an homogeneous ε-derivation if, ∀a, b ∈ A•,
X(a·b) = X(a)·b + ε(|X|, |a|) a·X(b) where a are homogeneous.
We note Der•ε(A) the Γ-graded space of ε-derivation

! The space Der•ε(A) is an ε-Lie algebra and a Z•
ε (A)-module

! An inner ε-derivation on A• is an ε-derivation X :
∃a ∈ A•, X(b) = ada(b) = [a, b]ε

We note Int•ε(A) = {ada, a ∈ A•} the space of inner ε-derivations on A•

It is an ε-Lie ideal and a Z•
ε (A)-module.

! Two short exact sequences of ε-Lie algebras and Z•
ε (A)-modules :

0 !!Z•
ε (A) !!A• ad !! Int•ε(A) !!0

0 !! Int•ε(A) !!Der•ε(A) !!Out•ε(A) !!0
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Differential calculus based on ε-derivations

! Ωn,k
ε (A,M) is the space of n-linear maps ω from (Der•ε(A))n to M•, such

that, ∀X1, . . . , Xn ∈ Der•ε(A) homogeneous,

Definition 5 (Ωn,k
ε (A, M))

ω(X1, . . . , Xn) ∈ Mk+|X1|+···+|Xn|,

ω(X1, . . . , Xnz) = ω(X1, . . . , Xn)z, ∀z ∈ Z•
ε (A)

ω(X1, . . . , Xi , Xi+1, . . . , Xn) = −ε(|Xi |, |Xi+1|)ω(X1, . . . , Xi+1, Xi , . . . , Xn)

We note Ω0,k
ε (A,M) = Mk and Ω•,•

ε (A) = Ω•,•
ε (A,A) if M• = A•
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! Ω•,•
ε (A) is a differential algebra for the product and the differential defined in

the following slide
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! Ω•,•
ε (A) is an ε̃-graded algebra for the abelian group Γ̃ = Z × Γ with

ε̃((p, i), (q, j)) = (−1)pqε(i , j)
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! Ωn,k
ε (A,M) is the space of n-linear maps ω from (Der•ε(A))n to M•, such

that, ∀X1, . . . , Xn ∈ Der•ε(A) homogeneous,

Definition 5 (Ωn,k
ε (A, M))

ω(X1, . . . , Xn) ∈ Mk+|X1|+···+|Xn|,

ω(X1, . . . , Xnz) = ω(X1, . . . , Xn)z, ∀z ∈ Z•
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ω(X1, . . . , Xi , Xi+1, . . . , Xn) = −ε(|Xi |, |Xi+1|)ω(X1, . . . , Xi+1, Xi , . . . , Xn)

We note Ω0,k
ε (A,M) = Mk and Ω•,•

ε (A) = Ω•,•
ε (A,A) if M• = A•

! Ω•,•
ε (A) is a differential algebra for the product and the differential defined in

the following slide

! Ω•,•
ε (A) is an ε̃-graded algebra for the abelian group Γ̃ = Z × Γ with

ε̃((p, i), (q, j)) = (−1)pqε(i , j)

! d is an ε̃-derivation of Ω•,•
ε (A) of degree (1, 0) satisfying d2 = 0
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Differential calculus based on ε-derivations

! The product is : (ω·η)(X1, . . . , Xp+q)

=
1

p!q!

∑

σ∈Sp+q

(−1)|σ|f1 ω(Xσ(1), . . . , Xσ(p))·η(Xσ(p+1), . . . , Xσ(p+q)),

! The differential is

dω(X1, . . . , Xp+1) =
p+1∑

m=1

(−1)m+1f2 Xmω(X1, . . .
m
∨. . . . ,Xp+1)

+
∑

1≤m<n≤p+1

(−1)m+nf3 ω([Xm, Xn]ε, . . .
m
∨. . . .

n
∨. . . . ,Xp+1)

! The factors fi are given by
f1 =

∏
m<n,σ(m)>σ(n) ε(|Xσ(n)|, |Xσ(m)|)

∏
m≤p ε(|η|, |Xσ(m)|)

f2 = ε(|ω|, |Xm|)
∏m−1

a=1 ε(|Xa|, |Xm|)
f3 = ε(|Xn|, |Xm|)

∏m−1
a=1 ε(|Xa|, |Xm|)

∏n−1
a=1 ε(|Xa|, |Xn|)

ω ∈ Ωp,|ω|
ε (A), η ∈ Ωq,|η|

ε (A), and X1, . . . , Xp+q ∈ Der•ε(A) homogeneous
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Cartan operation

! An ε-Lie subalgebra g• of Der•ε(A) defines canonically a Cartan operation on
(Ω•,•

ε (A), d) by :
The inner product with X ∈ Der•ε(A) is the map
iX : Ωn,k

ε (A) → Ωn−1,k+|X|
ε (A)

iXω(X1, . . . , Xn−1) = ε(|X|, |ω|)ω(X, X1, . . . , Xn−1)
and iXΩ

0,•
ε (A) = 0. iX is an ε̃-derivation of Ω•,•

ε (A) of degree (−1, |X|).
The associated Lie derivative
LX = [iX, d] = iXd + diX : Ωn,k

ε (A) → Ωn,k+|X|
ε (A), is an ε̃-derivation of

Ω•,•
ε (A) of degree (0, |X|)

Proposition 6

[iX, iY] = iXiY + ε(|X|, |Y|)iYiX = 0

[LX, iY] = LXiY − ε(|X|, |Y|)iYLX = i[X,Y]ε

[LX, d] = LXd − dLX = 0

[LX, LY] = LXLY − ε(|X|, |Y|)LYLX = L[X,Y]ε
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ε-connection and curvature

Definition 7 (ε-connection)

An homogeneous linear map of degree 0, ∇ : M• → Ω1,•
ε (A,M) is called an

ε-connection if ∀a ∈ A•, ∀m ∈ M•,
∇(ma) = ∇(m)a + mda (1)

! We can extend ∇ as a linear map ∇ : Ωp,•
ε (A,M) → Ωp+1,•

ε (A,M)
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ε-connection and curvature

Definition 7 (ε-connection)

An homogeneous linear map of degree 0, ∇ : M• → Ω1,•
ε (A,M) is called an

ε-connection if ∀a ∈ A•, ∀m ∈ M•,
∇(ma) = ∇(m)a + mda (1)

! We can extend ∇ as a linear map ∇ : Ωp,•
ε (A,M) → Ωp+1,•

ε (A,M)

Definition 8 (curvature)

We define the curvature R = ∇2, homogeneous linear map of degree 0, ∀m ∈ M•,
∀X, Y ∈ Der•ε(A) homogeneous,
R(m)(X, Y) = ε(|X|, |Y|)∇(∇(m)(Y))(X) −∇(∇(m)(X))(Y) −∇(m)([X, Y]ε)
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ε-connection and curvature

Definition 7 (ε-connection)

An homogeneous linear map of degree 0, ∇ : M• → Ω1,•
ε (A,M) is called an

ε-connection if ∀a ∈ A•, ∀m ∈ M•,
∇(ma) = ∇(m)a + mda (1)

! We can extend ∇ as a linear map ∇ : Ωp,•
ε (A,M) → Ωp+1,•

ε (A,M)

Definition 8 (curvature)

We define the curvature R = ∇2, homogeneous linear map of degree 0, ∀m ∈ M•,
∀X, Y ∈ Der•ε(A) homogeneous,
R(m)(X, Y) = ε(|X|, |Y|)∇(∇(m)(Y))(X) −∇(∇(m)(X))(Y) −∇(m)([X, Y]ε)

Definition 9 (gauge transformations)

The gauge transformations of M• are the automorphisms of degree 0 of M•.

They form the gauge group Aut0A(M,M) and act on the space of its
ε-connections : ∀Φ ∈ Aut0A(M,M), ∇Φ = Φ ◦ ∇ ◦ Φ−1 is an ε-connections
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1 Noncommutative geometry based on ε-derivations

2 Examples

3 A simple application
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Examples

Examples

! ε-graded matrix algebras (see in 0811.3567 [math-ph])

! Freely finitely generated abelian groups

! Quillen connection

! Clifford algebra

! Extension to Hom algebras (0811.0400 [math.RA])
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A simple application

1 Noncommutative geometry based on ε-derivations

2 Examples

3 A simple application
A Z2-graded algebra constructed from Moyal space
Connection and curvature
Gauge action
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A simple application A Z2-graded algebra constructed from Moyal space

The Moyal algebra

! Deformed Moyal product defined on the space of Schwartz functions S :

(f %θ g)(x) =
1

π4θ4

∫
d4yd4z f (x + y)g(x + z)e−2iyΘ−1z

Θ =





0 −θ
θ 0

0

0
0 −θ
θ 0





! The Moyal algebra is defined by Mθ = L ∩R where
L = {T ∈ S′/f %θ T ∈ S, ∀f ∈ S}
R = {T ∈ S′/T %θ f ∈ S, ∀f ∈ S}

see e.g. Algebras of distributions suitable for phase-space quantum mechanics
Gracia-Bondia, Varilly and ref therein
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A simple application A Z2-graded algebra constructed from Moyal space

The Moyal algebra

! Deformed Moyal product defined on the space of Schwartz functions S :

(f %θ g)(x) =
1

π4θ4

∫
d4yd4z f (x + y)g(x + z)e−2iyΘ−1z

Θ =





0 −θ
θ 0

0

0
0 −θ
θ 0





! The Moyal algebra is defined by Mθ = L ∩R where
L = {T ∈ S′/f %θ T ∈ S, ∀f ∈ S}
R = {T ∈ S′/T %θ f ∈ S, ∀f ∈ S}

see e.g. Algebras of distributions suitable for phase-space quantum mechanics
Gracia-Bondia, Varilly and ref therein

! We define

γ = 1 ξµ = − 1

2
x̃µ ηµν =

1

2
x̃µx̃ν = 2ξµξν

where x̃µ = 2Θ−1
µν xν
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A simple application A Z2-graded algebra constructed from Moyal space

A Z2-graded algebra constructed from Moyal space

Definition 10

Let A• = Mθ ⊕Mθ be the Z2-graded complex vector space defined by the
following product (whith α ∈ R) : ∀φ, ψ ∈ A•,

φ·ψ = (φ0, φ1)·(ψ0, ψ1) = (φ0 % ψ0 + α φ1 % ψ1, φ0 % ψ1 + φ1 % ψ0) (2)
The commutation factor is defined by ε(i , j) = (−1)ij for i , j ∈ Z2
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A simple application A Z2-graded algebra constructed from Moyal space

A Z2-graded algebra constructed from Moyal space

Definition 10

Let A• = Mθ ⊕Mθ be the Z2-graded complex vector space defined by the
following product (whith α ∈ R) : ∀φ, ψ ∈ A•,

φ·ψ = (φ0, φ1)·(ψ0, ψ1) = (φ0 % ψ0 + α φ1 % ψ1, φ0 % ψ1 + φ1 % ψ0) (2)
The commutation factor is defined by ε(i , j) = (−1)ij for i , j ∈ Z2

! The bracket [φ, ψ]ε = ([φ0, ψ0]'+α{φ1, ψ1}', [φ0, ψ1]' + [φ1, ψ0]')

! The ε-center of A• is Z•
ε (A) = C1l = C ⊕ 0 where the unit 1l is (1, 0)

! Trace on A• : Tr(φ) = Tr(φ0, φ1) =
∫

d4x φ0(x)

! ε-Lie subalgebra g• of Der•ε(A) :
g• = 〈[(0, iγ), ·], [(iξµ, 0), ·], [(0, iξµ), ·], [(iηµν , 0), ·]〉

Natural generalisation of the extended algebra of derivation of Moyal
(0804.3061 [hep-th])

! Γ-graded module M• = A•
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A simple application Connection and curvature

Connection

Proposition 11

An a ε-connection ∇ on A• and a ε-derivation was associated to a gauge potential
AX defined by −iAX = ∇(1l)(X).
The ε-connection ∇ becomes : ∀a ∈ A•, ∇Xa = X(a) − iAX·a where
∇Xa = ε(|X|, |a|)∇(a)(X).
Defining FX,Y·a = iε(|X| + |Y|, |a|)R(a)(X, Y), we obtain the curvature :

FX,Y = X(AY) − ε(|X|, |Y|)Y(AX) − i [AX, AY]ε − A[X,Y]ε . (3)

! We note the gauge potentials :
∇(1l)(ad(0,iγ)) = (0,−iϕ), ∇(1l)(ad(iξµ,0)) = (−iA0

µ, 0),

∇(1l)(ad(0,iξµ)) = (0,−iA1
µ), ∇(1l)(ad(iηµν ,0)) = (−iGµν , 0).

! The covariant coordinates are :

Φ = ϕ − 1, A0
µ = A0

µ +
1

2
x̃µ, A1

µ = A1
µ +

1

2
x̃µ, Gµν = Gµν − 1

2
x̃µx̃ν

! A1
ν = A0

ν
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A simple application Connection and curvature

F(0,iγ),(0,iγ) = (2iαϕ − 2iαϕ % ϕ, 0)

F(iξµ,0),(0,iγ) = (0, ∂µϕ − i [Aµ, ϕ]')

F(0,iξµ),(0,iγ) = (−iα(x̃µϕ + {Aµ, ϕ}'), 0)

F(iηµν ,0),(0,iγ) = (0,−1

4
x̃µ∂νϕ − 1

4
x̃ν∂µϕ − i [Gµν , ϕ]')

F(iξµ,0),(iξν,0) = (∂µAν − ∂νAµ − i [Aµ, Aν ]', 0)

F(iξµ,0),(0,iξν) = (0, ∂µAν − ∂νAµ − i [Aµ, Aν ]' −Θ−1
µν ϕ)

F(0,iξµ),(0,iξν) = (−iαx̃µAν − iαx̃νAµ − iα{Aµ, Aν}' − iαGµν , 0)

F(iξµ,0),(iηνρ,0) = (∂µGνρ + x̃ν∂ρAµ + x̃ρ∂νAµ − i [Aµ, Gνρ]'

+ 2Θ−1
νµAρ + 2Θ−1

ρµAν , 0)

F(0,iξµ),(iηνρ,0) = (0, ∂µGνρ + x̃ν∂ρAµ + x̃ρ∂νAµ − i [Aµ, Gνρ]'

+ 2Θ−1
νµAρ + 2Θ−1

ρµAν)

F(iηµν ,0),(iηρσ,0) = (−x̃µ∂νGρσ − x̃ν∂µGρσ + x̃ρ∂σGµν + x̃σ∂ρGµν − i [Gµν , Gρσ ]'

− 2Θ−1
µρGνσ − 2Θ−1

νρ Gµσ − 2Θ−1
µσGνρ − 2Θ−1

νσGµρ, 0)
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A simple application Gauge action

Gauge action

! The action S = Tr
(
|Fada,adb |2

)
involves

! Gµν = 0, Φ = 0∫
dDx

(
(1+2α)Fµν %Fµν +α2{Aµ,Aν}2

' +
8

θ
(2(D +1)(1+α)+α2)Aµ %Aµ

)

Gauge theory model of de Goursac, Wallet, Wulkenhaar (0703.075 [hep-th])
and Grosse, Wohlgenannt (0703.169 [hep-th])

! [Aµ,Aν ]' ! {Aµ,Aν}' natural interpretation stemming from Z2-grading
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A simple application Gauge action

Gauge action

! Gµν = 0, Φ .= 0

S(ϕ) =

∫
dDx

(
2α|∂µϕ − i [Aµ, ϕ]'|2 + 2α2|x̃µϕ + {Aµ, ϕ}'|2

− 4α
√

θϕΘ−1
µν Fµν +

2α(D + 2α)

θ
ϕ2 − 8α2

√
θ

ϕ % ϕ % ϕ + 4α2ϕ % ϕ % ϕ % ϕ
)

Grosse Wulkenhaar scalar model coupled to Aµ (0401.128 [hep-th])
Harmonic term : natural interpretation stemming from F 2

xµ : canonical gauge invariant connection
ϕ : composante of a gauge potential

! Slavnov term −4α
√

θϕΘ−1
µν Fµν (0304.141 [hep-th])
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